JHU 580.429 SB3 HW5

The Laplace transform operator is ., defined as Z[f(t)] = f(s) = J5 dte™ f(t). The convolution

operator is x, defined as fxg(t) = [5dt'f(t —t')g(¢'). The real part of a complex variable z = x+ iy
is denoted R(z) = x.

1. Suppose f(t) = 1/(t>+2).
(a) Evaluate f(2).

(b) Evaluate B0 atr —4

BEFFI0) s = e 7

(c) Evaluate (63%)][(0 atr =4.

d = atd
A t = —(—
i) = LG
= flt+a)

d

(@) f()i=a = f(t+3) =4 =f(7)
1

51

)" f(t)

2. Suppose f(t) =sin(ot), with f(t) =0 fort < 0. Let g(¢t) = f(t —a), with g(¢) =0 forr < a.
(a) Provide .Z[f(1)].

LI = 3(2()([?"“”])
_ 3( dte—(s—iw)t)

0
(0]

52+ w?
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(b) Provide Z[g(1)].

as w
'i’ﬂ[g(t)} - 2+ @2
(c) Simplify (e%%)sin(a)t).
(@ H)sin(wr) = sin[o(+ 1)

3. Let x(7) be a time response. Moment n of the response is defined as

w Jo det"x(t)
= ety
(a) Prove that (—d/ds)*InZ(s)|s—o = (t*) — (1)2.

(~ Vi) = (1P (Linx(s))
d, 1 d_
= %(X(—S%x(s))
1 d? 1 . d

= %@X(S) - W(%f(s))z

j(;xadt tzefslx(t) (f(;x’dlleixtx(t))z

Jo dre='X(t) (Jo dtes'X())?

when s =0
Jo dt?X (1) (Jg dreX(1))?

Jodix (@) (JgdiX(1))?
= ()=

(b) Provide (—d/ds)?InX(s)|s—o in terms of the moments.

(—$)31nf(8) = (=1) (-5 nk(s))
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when s =0

3 fodttX (t),, o dte?X(t), [y dt’X(t)
wax) T Eax) U axe) ) raxa)

4. The MAPK signaling cascade usually has three levels denoted k € {1,2,3}. The activation
state of level k at time ¢ is denoted x (7). When activation is weak, a linear model may be
appropriate:

x1(t) = bB(t)—ox(r)
Xz(l‘) = bx
X3 (l‘) = bxy )

Consider an exponentially decaying input, 3(¢) = Boke . Fort < 0, B(t) = 0, and x;(0) =
%%(0) =0 for k € 1...3. Provide all results in terms of model parameters {f,k, ®,b, a}, as
well as s or ¢ as appropriate.

(a) Provide B(s), X1(s), X2(s), and F3(s).

~ 1
) = Pok—
B(s) Bo oy
f(s) = b Pok
e = s+os+k
N b>  Pok
R0 = Grarstx
5 (S‘) o b3 B()k
o (s+a)d s+k
(b) Provide the gain, [y"drx3(r)/ [o dt B(t).
. b’
gain = 3
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(c) Provide the mean time of the response, (1) = [, dttx3(t)/ [;”dtx3(t), which will in-
clude a contribution from the input (7).

(Contribution from input is %.)

(d) Provide the square width of the response,

o2 = Jo dii? x3(t) B [fg°dzm(;)]2‘

5 dtxs(t) Jo dtxs(t)
1 3
2
() = P—’—E

5. Now consider a cascade with n steps with the same form as above and with output x, (7). The
input is a 6-function, () = ByS(¢), and the cascade off at time 0.

(a) Provide %,(s), the gain, the mean time (¢, and the square width 62 of the output.

B bl’l
) = Graho
. bll
galn = a
n
Yy = —
(1) »
2 o n
° T @

(b) We can think about the sharpness of a response as (f)/o, where the duration o is
v 62. How does the sharpness of the output depend on the number of elements 7 in the
cascade?

Sharpness depends on the square root of the number of elements n
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